Let (R, m) be a Noetherian local ring which is a homomorphic image of a local Gorenstein ring and let M be a finitely generated 
Introduction
We first fix a few notations and recall a few notions. Notation 1.1. Throughout this paper, (R, m) is a Noetherian local ring which is a quotient of an ndimensional local Gorenstein ring (R , m ) . Let In Section 2 we shall prove a lifting result for the CCM-property of M and deduce two new characterizations of CCM modules. To make this more precise, let us recall, that Schenzel [Sc3] In Section 3 we study the relation between the CCM-property and the polynomial type p(M) of the module M (see Reminder 3.1). We first consider the case p(M) = 1 and prove that in this situation M is CCM if and only if it satisfies the two equivalent conditions, in which M [1] ⊆ M denotes the largest submodule of dimension 1 (see Proposition 3.7):
In a second step, we also admit that p(M) > 1. This will lead us to another characterization of CCM modules, which involves once more strict f-sequences (see 
is of dimension 2 and of depth > 0.
In Section 4 we finally study the non-CCM-locus of M, which is defined as the set of primes nCCM(M) := {p ∈ Spec(R) | M p is not CCM}. We show that under a certain "unmixedness" condition on the support Supp R M of M, the set nCCM(M) coincides with the non-CM-locus nCM(K (M)) and hence with the union of all pseudo supports Psupp
We also compare the locus nCCM(M) with the union of all pseudo supports of the canonical modules of the components of the dimension filtration of M (see Proposition 4.6). Finally, on use of a construction found in Evans-
Griffith [EG] we show that for each d 5 and each field K there is a reduced local ring of (R, m) of dimension d, essentially of finite type over K , satisfying R/m ∼ = K and such that nCCM(R) consists of single prime p which is in addition different from m (see Proposition 4.9). Hence nCCM(R) is not stable under specialization in this case (see Corollary 4.10).
Strict f-sequences and canonical Cohen-Macaulay modules
Definition 2.1. (See [Sc3, Definition 3.1] .) The finitely generated R-module M is called canonical Cohen-
In view of the previously mentioned base-ring independence of deficiency modules, the property of being CCM is also base-ring independent. More precisely, if a ⊂ R is an ideal such that aM = 0, then M is CCM as an R-module if and only if it is as an R/a-module.
There is a number of sufficient conditions for a module M to be CCM. If dim M 2 then M is CCM. It is clear that any CM module is CCM. The concept of sequentially Cohen-Macaulay module (sequentially CM module for short) was introduced by Stanley [St, p. 87] , for graded modules. This notion was studied in the local case starting with the work of Schenzel [Sc2] . It is easy to see that any sequentially CM module is CCM. The notion of pseudo Cohen-Macaulay module (pseudo CM module for short) was introduced in [CN] . By [CN, Theorem 3 .1] the module M is pseudo CM if and only if M/N is CM, where N ⊂ M is the largest submodule of dimension less than d.
Our first main result shows that for certain elements x ∈ R (under an obvious restriction on the dimension), the R-module M is CCM if and only if M/xM is. That the CCM-property of M implies the CCM-property of M/xM was actually proved already by Schenzel [Sc3, 3.3(b) 
We begin with the following auxiliary result. The sequence occurring in statement (a) may be found already in [Sc3] . 
is the canonical map. As x is an f-element with respect to M, the module (0 : M x) is of finite length, so that Proof. By [Sc3, 3.3(b) ] we know that
Conversely, assume that M 1 is CCM. As x is an f-element with respect to M we have dim( Our next claim is that
is of positive depth, the sequence of 2.4(a), applied
is of positive depth, too. On application of 2.4(c) with we get an isomorphism
is a strict f-sequence with respect to M 1 . So, by induction M 1 is CCM if and only if 
Schenzel's result [Sc1, Korollar 1.4] -which holds also if the ring R is replaced by the R-module Myields isomorphisms (ii) ⇔ (iii): This is clear by the short exact sequence 
Polynomial type and canonical Cohen-Macaulay modules
Reminder 3.1. The concept of polynomial type was introduced by N.T. Cuong [C] . Let x = (x 1 , . . . , x d ) be a system of parameters for M and n = (n 1 , . . . ,n d ) a family of positive integers. Set
where e(x; M) is the multiplicity of M with respect to x. Consider I M,x (n) as a function in n. In general this function is not a polynomial for n 1 , . . . ,n d 0, but it always takes non-negative values for n 1 , . . . ,n d 0 and is bounded from above by polynomials. Especially, the least degree of all polynomials in n which bound from above the function I M,x (n) is independent of the choice of x (see [C, Theorem 2.3] ). This least degree is called the polynomial type of M and denoted by p(M). [C, Theorem 3.1(i) 
, where nCM(M) is the non-CM-locus of M (see [C, Theo- In this section, we give a characterization of CCM modules which depends on the polynomial type.
First we consider the case where p(M) = 1. In this case, a certain ideal transform will play a crucial role, and so we first prove the two following auxiliary results. Proof. According to our hypothesis we have
As ht((p + m)/p) = dim(R/p) for each p ∈ Spec(R), it follows by [BS, (9.3.5 
As R is catenary, each p ∈ Spec(R) \Var(a) satisfies ht((a +p)/p) dim(R/p) −dim(R/a) dim(R/p) − 1 and it follows that for each such p it holds depth
As R is a homomorphic image of a local Gorenstein ring it is universally catenary and all its formal fibers are CM. Hence, by [BS, (9.6 .7)] we get
In particular, H 1 a (M) is finitely generated. So the four-term exact sequence (cf. [BS, (2.2.4) [BS, (9.6 
and hence the above four-term exact sequence yields
is finitely generated and thus of finite length.
By our hypothesis the finitely generated R-modules H 
) is a ( finitely generated) CM module.
Proof. As dim(M
Observe that by our hypotheses and by Remark 3.2 we have dim(R/a) 1 and hence also [BS, 11.3.3] , this is a contradiction as Ass R M [1] 
So, by Lemma 3.4 the module N := D a (M [1] ) is finitely generated and 
Proof. (i) ⇒ (ii): Let x ∈ m be a strict f-element with respect to M. Since M is CCM so is M 1 := M/xM by Theorem 2.5. As p(M) = 1, we get by Lemma 3.3 that M 1 is generalized CM. By Corollary 2.7, we
(ii) ⇒ (i): Let x ∈ m and M 1 be as above. Assume first that d = 3. Since depth(K 2 (M)) > 0 we have (0 : K 2 (M) x) = 0. If we apply the sequence of Lemma 2.4(a) with i = 2 we obtain
Therefore another use of the mentioned exact
Lemma 3.3. Hence M 1 is CCM by Corollary 2.7, and so M is CCM by Theorem 2.5.
(ii) ⇔ (iii): This is clear by Lemma 3.6. 2
The main result of this section is the extension of the equivalence (i) ⇔ (ii) of Proposition 3.7 which applies for all possible values of p(M) and which again involves strict f-sequences. To pave the way to this, we first prove two auxiliary results. 
We proceed by induction on k. The case k = 1 follows by Proposition 3.7. So, let k 2 and note that M 1 is CCM by Theorem 2.5. By Lemma 3.3 we have p( Moreover, by (ii) the module K 
Now, we are ready to give the announced main result of the present section. 
which is a closed subset of Spec(R) (see [BS1] ).
(b) Keep in mind that 
